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Abstract
The electric microfield distributions (MFD) at charged and neutral particles
in classical electron–ion two-component plasmas are described by a
theoretical model based on the exponential and the potential-of-mean-force
approximations. The MFDs provided by this theoretical treatment are in good
agreement with results from molecular dynamics simulations.

PACS numbers: 52.27.Gr, 52.27.Aj, 52.65.Yy, 05.10.−a

1. Introduction and definitions

Because of the Stark effect the fluctuating electric microfields created by the charged particles
in a plasma affect the profiles of spectral lines of atoms and ions immersed in a plasma, and
a comparison of experimental and theoretical widths and shapes of spectral lines is a widely
used tool for plasma diagnostics [1, 2]. Under certain assumptions [1, 2], the observed spectral
line shapes can be closely related to the electric microfield distribution at the radiating atom
or ion (radiator) [3]. Within the quasistatic approximation the problem is then reduced to a
determination of the probability distribution of the perturbing fields. Until now most work
was done here on one-component plasmas (OCP) [4–6], in particular in framework of the very
successful adjustable parameter exponential approximation (APEX) scheme [7, 8]. Only a
few investigations exist, however, for systems with attractive interactions, as e.g. for a single
highly charged impurity ion immersed in an electronic OCP [9] or for genuine two-component
plasmas (TCP) [10–12].

Following [12], we consider the electric field E = ε at a positive probe charge ZRe

located at r0 and embedded in a classical TCP of Ni ions and Ne electrons in thermodynamic
equilibrium at a temperature T. The average densities of the ions and electrons are ni and
ne, respectively (n = ne + ni). The probability of measuring a certain ε is the normalized
electric microfield distribution (MFD). Within the classical canonical ensemble it can be
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represented as

Q(ε) = 〈δ(ε − E)〉 =
∫

e−U(Te,Ti ,r0)/kBT

W
δ(ε − E(Te, Ti , r0)) dr0 dTe dTi , (1)

where Te = {
r1, . . . , rNe

}
, Ti = {

R1, . . . , RNi

}
are the coordinates of electrons and ions,

respectively. Here W is the canonical partition function and U(Te, Ti , r0) is the potential
energy of the system

U(Te, Ti , r0) = 1

2

∑
α,β

qαqβ

4πε0

∑
a,b

uαβ(|ra,α − rb,β |) +
∑
α,a

qαZRe

4πε0
uαR(|ra,α − r0|) (2)

with α, β = e, i, qe,i = −e, Zie, and ra,e = ra, ra,i = Ra . In the first term of equation (2)
the sum is restricted to a �= b for identical particles. The pair interaction potentials are
given by the Coulomb potential for repulsive interaction and a regularized interaction in the
case of attractive interaction, i.e. uαα(r) = uiR(r) = 1/r, uei(r) = ueR(r) = (1 − e−r/δ)/r .
By the regularization quantum diffraction effects at small distances r � δ are taken into
account [13].

The total electrical field E at r0 is a superposition of electronic and ionic single-particle
fields and is related to the total potential energy U through E = −∇r0U

/
ZRe. Assuming an

isotropic system equation (1) can be rewritten in terms of the distribution function P(ε) with
P(ε) dε = 4πε2Q(ε) dε and the function T (K) as

P(ε) = 2ε

π

∫ ∞

0
T (K) sin(Kε)K dK, T (K) =

∫
Q(ε) eiK·ε dε = 〈eiK·E〉. (3)

2. Expressing the MFD through pair correlation functions

Following the parameter integration technique used for calculating the MFD in an OCP
and employing the ‘exponential approximation’ ansatz (see [6–9] and references therein) the
function T (K), equation (3), can be expressed through the pair correlation functions (PCF)
gαR(r) between radiator and plasma particles (see [12] for details):

T (K) = exp

[
−4π

∑
α

nα

∫ ∞

0

Eα(r)

Eα(r)

(
1 − sin(KEα(r))

KEα(r)

)
gαR(r)r2 dr

]
. (4)

Here Eα(r) = −(qα/4πε0)∇ruαR(r) and Eα(r) are the single-particle and effective fields
[12], respectively. Expanding T (K) for small K provides the second moment 〈ε2〉 =〈(∇r0U

)2〉/
(ZRe)2 of the microfield distribution through T (K) = 1 − 〈ε2〉K2/6 + · · ·, cf

equation (3). The second moment can also be expressed by the gαR(r) and the interactions
uαR(r) [12]. This imposes certain conditions on the choice of Eα(r).

2.1. The PMFEX approximation for the MFD at a charged point

For a OCP very good agreement has been achieved using the APEX [7]. There Eα(r) is given
by the ad hoc ansatz of a Debye field Eα(r) ∝ (1 + γ r) exp(−γ r)/r2 where γ is chosen
to satisfy the second moment. There exists, however, no straightforward extension of the
APEX scheme to a TCP. Instead we successfully applied the potential-of-mean-force (PMF)
approximation proposed by Yan and Ichimaru [10],

Eα(r) = kBT

ZRe

∂

∂r
[ln gαR(r)], (5)
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to the classical TCP at hand. The PMF ansatz (5) automatically satisfies the exact
second moment and constitutes together with the exponential approximation (4) the PMFEX
approximation where the MFD P(ε) is entirely expressed by the gαR .

2.2. The MFD at a neutral point

The MFD for a charged radiator was already discussed in detail in [12]. Here we are aiming
at an extension to the case of a neutral radiator and will provide new analytical and simulation
results devoted to this issue. For a neutral radiator, i.e., in the limit ZR → 0, the PMF ansatz
(5) is not applicable, as in this case the PCFs tend to unity, gαR → 1, and ln gαR(r) → 0.
Based on the derivations given in [12] the correct limit ZR → 0 can, however, be done and
results in the effective fields

Eα(r) = Eα(r)


1 +

4π

qα

∑
β

qβnβ

∫ r

0
[gαβ(ρ) − 1]ρ2 dρ


 , (6)

which we use for calculating the MFD at a neutral radiator. Here the single particle fields
Eα(r) are the bare Coulomb field of a charge qα .

3. Numerical treatment and results

In the following the probe charge is either a neutral particle (ZR = 0) or one of the plasma
ions (ZR = Zi). The related classical TCP defined by equation (2) is, for a given Zi and
ni = ne/Zi , completely determined by the potential parameter δ and the classical plasma
parameter 	ee = (e2/4πε0kBT )(4πne/3)1/3. The required gαR are calculated by solving
numerically the hyper-netted-chain (HNC) integral equations for these systems. The MFD
P(ε) is then calculated via equations (3), (4) and (5) or (6). For comparison we also sampled
the corresponding MFD from molecular dynamics (MD) simulations of the classical TCPs at
hand and Ni + Ne = 2002 particles. For more details on the numerical treatment and the MD
simulations, see [12].

Such HNC and MD calculations have been done for various Zi , 	ee and δ. Some examples
for the resulting MFD are given in figures 1 and 2 for the cases of H+ (ne = ni) and Al13+

(ne = 13ni) TCPs. The electrical field E is scaled throughout in units of the Holtsmark field for
a TCP EH = e(8π/25)1/3

[
Zi

(
1 + Z

1/2
i

)/
(Zi + 1)

]2/3/
4πε0a

2 where a = (4πn/3)−1/3. Both
for a charged (ZR = Zi) and a neutral (ZR = 0) radiator the MFD of the correlated systems
clearly deviates from the Holtsmark distribution for an uncorrelated TCP (i.e. 	ee → 0)

towards lower field strength (see figure 1). Comparing neutral and charged points, interesting
differences in the location of the maximum of the MFD show up. In the highly charged Al13+

plasma it shifts towards higher values and slightly lower field strength when going from the
neutral to the charged reference point, in agreement with earlier observations made for the
MFD of a OCP (e.g. in [5]). This can be ascribed to the strong ion–ion repulsion, which here
prevails over the electronic contribution. For hydrogen at the given parameters the maximum,
however, shifts in the opposite way. Here the electronic contribution obviously increases the
total field at the charged point compared to a neutral point.

For charged radiators ZR = Zi (upper part of figure 1) the PMFEX approach
(equations (3), (4), (5)) very well agrees with the simulation data except of cases with rather
large coupling like the example of a H+ plasma with 	ee = 1.0. Here some deviations show
up. A similar good agreement of the analytical treatment with the MD data can be achieved
as well for a neutral radiator (lower part of figure 1) by using in expression (4) the effective
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Figure 1. Normalized MFD for hydrogen (left panel) and Al13+ (right panel) plasmas at a charged
(top) and a neutral (bottom) radiator for different δ and 	ee obtained form MD simulations and
the PMFEX treatment as indicated. For comparison the Holtsmark distribution (see [12]) is also
shown.
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Figure 2. Behaviour of the normalized MFD at large field strengths for some selected cases of
figure 1.

fields as given through equation (6). The PMFEX approach also predicts very well the high
field behaviour of the MFD (see figure 2) which shows a quite different decay for ZR = Zi

and ZR = 0 due to the different gαR and effective fields (5) and (6), respectively. The MFD
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here decays exponentially for charged radiators, but for a neutral radiator very similar to the
Holtsmark MFD, which falls like E−2.5.

4. Conclusions and outlook

A similar excellent agreement between the PMFEX treatment and the MD simulations, as
shown here, was also found for a wide range of plasma parameters, both for charged and
neutral radiators. For the case of a charged radiator further examples, together with a detailed
discussion of the limits of the PMFEX treatment at increasing coupling, are given in [12].
Altogether, we thus conclude that the proposed PMFEX treatment is a very reliable method
for calculating the MFD of a moderately coupled TCP with attractive interaction, both for
charged and neutral radiators.

A natural next step is now to study how these results on the MFD are related to the spectral
line profiles in a TCP. Here of course the different timescales for the interaction of the ions
and electrons with the perturbed radiator are essential, and the resulting Stark broadening thus
strongly depends on the actual conditions. We are currently investigating spectral line shapes
by extending the line of development of [14] using the time dependent microfields of strongly
coupled TCPs as provided by MD simulations. Some first, preliminary results are given
in [15].
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